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Abstract

The aim of this paper is the analysis of the predictive capabilities of the deterministic methodologies when facing the

problem of a plate excited by a stochastic pressure distribution due to a turbulent boundary layer (TBL). A full

analytical solution has been assembled by considering a simply supported rectangular plate wetted on one side by a

TBL. This reference exact solution, developed by using a standard separable variable model, has been used as test case

for comparing the approximate solutions coming from the adoption of a numerical scheme by using discrete

coordinates. The numerical algorithm has been built by using a standard finite element modal approach. The

approximations introduced are thoroughly discussed and analysed; they refer to the meshing condition and the

transformation of the distributed stochastic load. The application of a novel numerical procedure named as

Asymptotical Scaled Modal Analysis is presented too. This innovative numerical scheme allows the analysis of the

structural response of a generic plane operator in the whole frequency range, which is not always amenable by exact

solutions; further and equally important, it is associated to a reduction of the computational cost. The work

demonstrates that some numerical advances in the prediction of the random structural responses are feasible still using

standard finite element modal inputs, without increasing the computational costs.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The turbulent boundary layer (TBL) is one of the most important sources of vibration and noise in automotive,

aerospace, and railway transportation. The stochastic pressure distribution associated with the turbulence is able to

excite significantly the structural response and the related acoustic radiated power. The problem is intrinsically

multidisciplinary since it involves the mechanical vibrations, the aerodynamics, and the external/internal acoustics.

The predictive methodologies can be roughly grouped into two different families. The first is represented by the modal

methods in which commonly all the required operators are expanded by using the structural in vacuum and undamped

mode shapes and natural frequencies. Improvements can be performed by accounting also the aeroelastic interaction
e front matter r 2007 Elsevier Ltd. All rights reserved.
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Nomenclature

a stream-wise plate length

AQjQk joint acceptance between the jth and kth modes, Eq. (8)

Area plate area

Areai equivalent area in finite element approach; in case of homogenous mesh is Dx, Dy

b cross-wise plate length

E Young’s modulus

f excitation frequency

fC critical frequency

h plate thickness

Hi ith term of the diagonal structural transfer functions matrix for the plate in finite element approach

i imaginary unit

jx and jy running integers for identifying the mode (number of half-waves)

kc convective wavenumber

Lx stream-wise correlation length

Ly cross-stream-wise correlation length

n plate flexural modal density

nS scaled plate flexural modal density

nx and ny running integers for identifying the mode (number of half-waves)

N shape function vector in finite element approach

NE number of finite elements

NG number of solution points for the evaluation of the mean response or number of grid of the finite element

mesh

NM number of retained structural eigensolutions for evaluating the response

NMS number of retained scaled structural eigensolutions for evaluating the scaled response

p pressure

r absolute distance vector: r(rx, ry)

R nondimensional metric response

SFF random load matrix in finite element approach

Sp (auto) power spectral density of the wall pressure distribution due to the turbulent boundary layer

Sw spectral density (auto power) of the plate displacement

S̄W mean spectral density (auto power) of the plate displacement

SF modal random load matrix in finite element approach

UN free stream (undisturbed) speed

Uc convective speed (UC ¼ kC UN)

w out-of-plane displacement of the plate

x stream-wise reference axis

Dx extension of each finite element in stream-wise direction

Xpp cross-spectral density of the wall pressure distribution due to the turbulent boundary layer

Xw cross-spectral density of the plate displacement

y cross-wise reference axis

Dy extension of each finite element in cross-stream wise direction

Zj plate dynamic impedance for the ith mode

Greek symbols

ax stream-wise correlation coefficient

ay cross-stream-wise correlation coefficient

bC convective constant (Uc ¼ bC UN)

gj generalised mass coefficient for the plate jth mode

G geometrical function in the cross spectral density

Z structural damping factor

ZS scaled structural damping factor

Y intermediate integrals
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lB plate flexural wavelength

lE aerodynamic wavelength

L intermediate integrals

m modal overlap factor

mS scaled modal overlap factor

n Poisson’s ratio

xx stream-wise separation distance

xy cross-wise separation distance

r material density

s scaling coefficient

smin minimum value of the scaling coefficient

U matrix of the modal shape in finite element modal approach

ci ith analytical mode shape of the plate, ith column vector belonging to U
o circular excitation frequency

oj natural circular frequency of the jth mode

Matrix and complex operators

* complex conjugate operator

T transposition operator

H Hermitian operator

Re(y) Real part
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and/or by using complex modal basis. The energy methods constitute the second group: the target is to obtain a spatially

averaged representation of the structural (and acoustic) response.

For increasing values of the modal overlap factor (the product among excitation frequency, modal density and

damping), the efficiency and the efficacy of the energy methods become undoubted: they are able to give the global

response with the lowest computational costs.

At the same time, when the value of the modal overlap factor is less than unity, the response is still dominated by the

well resonating modes and therefore the modal methods are still useful since they furnish a solution with local

characteristics; the question is still open of which methodology is the better for closing the gap from low to high values

of the modal overlap factors.

The main contribution of the present work is just aimed to explore a possible extension of the standard finite element

modal approach for such a problem. In the specific literature, the work by Davies (1971), Skudrzyk (1968) and Dowell

(1975) are still among the best references for the subject, since they present the overall problem in its intrinsic

complexity. In the last decade, the most interesting works are those authored by Graham (1996a, b, 1997, 1998). They

represent a fundamental contribution to a modern view of this research problem, since they highlight several topics: the

sensitivity of the structural response to the principal design parameters, the possibility to get asymptotic values of the

related mathematical operators and a comparison of the available models for the TBL, and the influence of the Mach

number.

Further contributions can be found also in the work by Clark and Frampton (1997) and Frampton et al. (1996): they

present a fully aero-acousto-elastic problem and the results are related to both the subsonic and supersonic range of the

undisturbed flow.

More recently, very interesting contributions in search of innovative and fast solutions for the stochastic response of

a plate has also been addressed by Birgersson et al. (2003) and Mazzoni (2003); relevant works are also due to Maury et

al. (2002), Hambric et al. (2004) and Finnveden et al. (2005). The last two are the ideal references for the present work

since their contents strictly addressed the problem of the applicability of the deterministic simulation (finite element and

spectral finite element).

The application of a scaling procedure is also presented for obtaining mean structural response at computational

costs lower than the standard ones. Only recently this technique has been theoretically framed by using the Energy

Distribution Approach in Mace (2003), and it has been named Asymptotical Scaled Modal Analysis, ASMA. The

details of ASMA are summarised in De Rosa et al. (2005).

Methods working specifically for more intermediate values of the modal overlap factor appeared in last decade and

they have to be considered as bridge methods, for closing the gap between modal and energy approaches (Desmet,

1998).
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The present work would represent a step for extending the above-mentioned literature towards a detailed analysis of

the simulation and the measurement problems associated to the response of structures driven by TBL wall pressure

distribution.

All the themes herein presented and discussed were fully developed under the European project E.N.A.B.L.E.

(Environmental Noise Associated with TBL Excitation, G4RD-CT-2000-00223, 5th Framework EU Research). Four

main work packages represented the core of the project, whose main targets were (i) to develop models for TBL wall

pressure fluctuations; (ii) to develop innovative predictive methodologies; (iii) to experimentally measure the vibration

and noise levels associated with the TBL by using wind tunnel and in-flight tests; (iv) to compare the method and the

experimental results.

The topics herein contained mainly belong to the second target, while the discussion about the adequacy of the TBL

model and the relative comparison with the experimental measurements will be left to specific papers to appear in

future.

The state of the art about the subject before the starting of the E.N.A.B.L.E. project can be found in Cousin (1999); a

summary of the overall authors’ involvement in the project is in De Rosa et al. (2003a, b) and Schröder (2004).

It will be shown that ASMA is able to provide a cost-efficient technique for predicting the mean velocity response and

the radiated sound power of a typical aircraft panel over a broad frequency range, and well above the panel

aerodynamic coincidence frequency. It has to be underlined that a large part of the sound inwardly radiated by aircraft

panels, under a TBL excitation, lies in the frequency range up to the aerodynamic coincidence frequency. Therefore, the

benefits of using standard and scaled FEM could be mitigated for this specific application, also considering the

pressurisation effect that increases by a given factor the panel’s first natural frequencies. Nevertheless, the pertinent

procedure based on a sequence of standard and scaled FEM models, can be very useful when working with real

configurations (in which the plate has to be considered with the full set of stringers, frame, etc.) and/or new materials

(composite).

Trade-off analyses can be accomplished in the whole frequency range of interest, since ASMA generates the

structural and acoustic response from a standard finite element model.

The work is structured as follows. In Section 2, the analytical expansions for the plate response as a consequence of

having selected a given TBL source model; the proper detail will be given to the source and the response characteristics.

This development was thought as absolutely necessary since a reference solution is needed, that is a solution in which

for the given mode shapes and natural frequencies it is possible to get an exact spectral response. Only with this

reference solution, in which the acceptance integral is solved in closed form, it was possible to introduce and then to

verify the approximations due to the finite element approach and the scaling procedure. In Section 3, adequate attention

is paid to present the several formulations in which the finite element approach could be applied for coping with the

specific problem, while Section 4 presents the scaling procedure and the scaled finite element model for overcoming the

classical difficulty of reproducing the response above the coincidence excitation frequency. Section 5 presents the

adopted test-case and the results coming from exact modal expansion, standard finite element, and scaled finite element

approach together with specific comments and remarks aimed to highlight the specific possibilities offered by the scaling

procedure. Specifically, Section 5.1 compares the original and scaled modal expansions, while in Section 5.2 the original

and scaled finite element model results are compared versus the exact ones.
2. Analytical expansions for the plate response

2.1. The turbulent boundary layer

The second-order statistics of the wall pressure fluctuations beneath a fully developed TBL are modeled as a random

process homogenous in space and stationary in time field and can be characterised by the cross-spectral density

function:

X ppðn;oÞ ¼
Z 1
�1

pðr; tÞ � pðrþ n; tþ tÞ
� �

exp�iot dt, (1)

where the symbol /S denotes the statistical average.

The vector r measures the distance of a given point from the origin of the reference system, while the vector n is the

(relative) vector measuring the distance among two given points. This function is complex and can be expressed as

follows:

X ppðn;oÞ ¼ SpðoÞGðn;oÞ, (2)
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that is by using the product of the (auto) power spectral density Sp, and a geometrical function G; both are frequency

dependent. G represents the correlation between two points whose distance is n. According to Newland (1984), the

square modulus of G is the well-known coherence function. The coherence is often intended simply as the modulus of G.
Corcos proposed a simplified formulation of the cross-spectral density in which the geometrical function G is given by

the product of two simple functions, while a third function rules the phase dependency (Corcos, 1964, 1967).

With reference to a plane surface belonging to an xy plane, where x is the stream-wise direction, Fig. 1:

X pp xx; xy;o
� �

¼ Sp oð Þ exp �ax
oxx

Uc

����
����

� �
exp �ay

oxy

Uc

����
����

� �
exp �

ioxx

Uc

� �
. (3)

Corcos proposed also models for the coherence lengths and the convection velocity:

Lx oð Þ ¼
Uc

axo
; Ly oð Þ ¼

Uc

ayo
, (4)

Uc

U1
¼ bC ; kc ¼

o
Uc

. (5)

The symbol bC denotes the ‘‘convective constant’’ and kc is the convective wavenumber. The coefficients ax and ay

indicate the loss of coherence in longitudinal and transversal directions, respectively. For smooth walls, commonly used

values are: ax ¼ 0.116 and ay ¼ 0.7 (Blake, 1986). Other fundamental and interesting forms of the spectrum are due to

Efimtsov (1982), where improved expressions are also suggested for evaluating them. A summary is in the already cited

work by Graham (1997).

Another clear writing of the cross-spectral density is

X pp xx; xy;o
� �

¼ Sp oð Þ exp �
xx

�� ��
Lx oð Þ

	 

exp �

xy

�� ��
Ly oð Þ

	 

exp �ikcxxð Þ. (6)

The Corcos model here briefly recalled is among the simplest representations of the wall pressure distribution due to a

TBL, since (i) the space variables are separated, (ii) the phase variation is only accounted along the stream-wise

direction, (iii) all functions have the same exponential form, and (iv) it is independent from any couple of points and

depends only on their distance.

The Corcos model is an empirical model and the coefficients ax and ay are determined from measurements of the

spatial coherence between two points of the wall pressure fluctuations. One of the main limitations of the model is in

the sub-convective region since it overpredicts the power spectrum of the excitation by 20–40 dB. It is accurate only in

the convective region where the stream-wise and the convective wavenumber are close: this is enough for aeronautical

applications in the subsonic compressible speed range.

Further, the Corcos model is strictly suitable for the flow-induced noise prediction at very low frequencies since the

correlation lengths, Eq. (4), should be bounded by the boundary layer thickness through a correcting factor (Efimtsov,

1982). However, Corcos suggested a convenient model due to its mathematical simplicity which allows closed-form

expressions to be derived for the panel response.
Fig. 1. Sketch of the elastic plate (light grey area) in the rigid aerodynamic baffle (dark grey area).
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2.2. The plate response

The plate is thin, flat, rectangular and isotropic with no pre-stress (no pressurisation and no edge loadings). The plate

is simply supported on all four edges. It is mounted in an infinite rigid plane baffle flush with the TBL, Fig. 1. The plate

lies in an xy plane, and the flexural out-of-plane displacements, named w(x,y,t), are along the z axis. The flow is along

the x-axis.

The plate side lengths are a and b, in the stream-wise and cross-wise directions, respectively. In the present analysis it

is assumed that any fluid-loading effect on the structural dynamic response can be neglected. This is motivated by a

simple aeroelastic analysis in which it was verified that neither the natural frequencies nor the mode shapes are

significantly modified when the case of the fluid wetting the plate is considered; this detail is not given here.

The displacement cross-spectral density between any arbitrary couple of points belonging to a thin, isotropic and

homogenous plate, A(xA,yA) and B(xB,yB), due to an assigned stochastic distributed excitation, can be found with the

following modal expansion as given in Elishakoff (1983):

X w xA; yA; xB; yB;o
� �

¼
X1
j¼1

X1
n¼1

cj xA; yA

� �
cn xB; yB

� �
Z�j oð ÞZn oð Þ

" #
Sp oð Þ abð Þ2

gjgn

" #
AQjQn

oð Þ (7)

with

AQjQn
oð Þ ¼

Z a

0

Z a

0

Z b

0

Z b

0

X pp x; y; x0; y0;oð Þ

Sp oð Þ abð Þ2
cj x; yð Þcn x0; y0ð Þ

" #
dydy0 dxdx0. (8)

and

gj ¼

Z a

0

Z b

0

c2
j x; yð Þdydx; ZjðoÞ ¼ rh o2

j � o2 þ iZo2
j

h i
. (9)

The symbol ci denotes the ith mode shape, and oi the ith natural radian frequency.

The integrals defined by the symbol AQjQk are well known also as the acceptances: joint acceptance for j ¼ k, or cross

acceptance for j 6¼k.

Further, the formulation contained in the Eqs. (7) and (8) can be applied to any structural operator once its modal

base is known.

The auto-spectral density of the displacement at a selected point is given as follows:

Sw xA; yA;o
� �

¼
X1
j¼1

X1
n¼1

cj xA; yA

� �
cn xA; yA

� �
Z�j oð ÞZn oð Þ

" #
Sp oð Þ
gjgn

" #
abð Þ2AQj Qn

oð Þ

¼
X1
j¼1

c2
j xA; yA

� �
Zj

�� ��2g2j abð Þ2Sp oð ÞAQjQj
oð Þ

" #

þ 2Re
X1
j¼1

X1
n¼jþ1

cj xA; yA

� �
cn xA; yA

� �
Z�j oð ÞZn oð Þ

" #
abð Þ2

gjgn

Sp oð ÞAQj Qn
oð Þ

h i( )
. ð10Þ

It has to be noted that this last quantity is strictly real, as expected.

It should also be noted that it is possible to evaluate the plate mean response by using the following relationship:

S̄W oð Þ ¼
1

Area

Z
Area

SW ðx; y;oÞdxdy. (11)

This relationship reports the plate mean response in terms of displacement. For the orthogonality of the modes, it is

simple to demonstrate that the modal cross terms do not give any contribution to this mean spectrum.

Similar quantities could be obtained by accepting an average over a selected number of points, NG:

S̄W oð Þ ¼
1

NG

XNG

i¼1

SW ðo; xi; yiÞ. (12)

The quantities presented in Eqs. (11) and (12) here have the same symbol but they will be well discriminated in the

next paragraph. They can be named as continuous mean and discrete mean, respectively.

The number of the total modal components, NM, have to be selected in the expansions in order to achieve

convergence of the results for the assigned excitation frequency.
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These are the main quantities for a simply supported plate (Leissa, 1993):
(i)
 natural radian frequencies:

oj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eh2

12rð1� n2Þ

s
jxp
a

� �2

þ
jyp

b

� �2
" #

; (13)
(ii)
 normalised mode shapes:

cj x; yð Þ ¼ sin
jxpx

a

� �
sin

jypy

b

� �
; (14)
(iii)
 mode shape factor (generalised mass):

gj ¼
ab

4
; (15)
(iv)
 acceptance for Corcos-like unit excitation:

AQjQn
oð Þ ¼

1

ðabÞ2

Z a

0

Z a

0

Z b

0

Z b

0

exp �
xx

�� ��
Lx oð Þ

� �
exp �

xy

�� ��
Ly oð Þ

� �
exp �ikcxxð Þcj x; yð Þcn x0; y0ð Þdydy0 dxdx0.

(16)

The integral for the acceptances can be solved in closed form (see Appendix A), and the mean plate response in

terms of displacement is given simply by

S̄w oð Þ ¼
1

ab

Z a

0

Z b

0

Sw x; y;oð Þdydx ¼ 4Sp oð Þ
XNM

j¼1

AQjQj
oð Þ

Zj oð Þ
�� ��2 . (17)

At this point, an exact modal solution is available as reference for the comparison with any approximate

methodology. This problem is amenable by an analytical solution in closed form since the TBL model uses

separated space variables and functions with the same exponential form.
3. Finite element modal approach

It is evident that looking for the envisaged generalisation of the predictive procedure, a scheme in discrete

coordinates, in order to take in account any configuration (material, shape, boundary conditions, etc.), must be

pursued. A standard finite element solution has been assembled by using the following equation suitable for all the

methods working with discrete coordinates (Elishakoff, 1983); the cross-spectral density matrix of displacements of a

structural operator represented by using NG degrees of freedom and NM mode shapes is given by

SW oð Þ ¼ UH oð ÞSU oð ÞH oð Þ�UT, (18)

with

SU oð Þ ¼ UTSFF oð ÞU, (19)

where U is the structural modal matrix (each column is an eigenvector sampled at the NG selected points), [NG*NM];

H(o) is the structural transfer function diagonal matrix, HjðoÞ ¼ o2
j � oþ iZo2

j

h i�1
, [NM*NM]; SU is the generalised

force matrix, [NM*NM]; and SFF is the equivalent force matrix, [NG*NG].

There are two main problems associated with any approach using discrete representation. The first one is that the

distributed random loads must be translated to this set of points. In the framework of the finite element method, the

standard approach, named as consistent, is to use the shape function vector, NF, belonging to each element, as follows:

SC
ðEÞ
FFn;k
¼

Z
x
ðnÞ

1

Z
x
ðnÞ

2

Z
x
ðkÞ

1

Z
x
ðkÞ

2

NT
F X pp x

ðnÞ
1 ; x

ðnÞ
2 ;x

ðkÞ
1 ; x

ðkÞ
2 ;o

� 
NF dx

ðnÞ
1 dx

kð Þ
1 dx

ðnÞ
2 dx

kð Þ
2 . (20)

The double integers n and k denotes here two generic finite elements, and the integration is related to the area of each

of them. Accordingly, one gets the generic nkth member of the NE�NE matrix, where NE is the number of elements.
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In this approach, the rotational degrees of freedom could be included too, for refining the evaluation. It should also be

noted that the modal matrices are of NE�NE order.

A simplified approach refers to each grid point rather than each finite element. This means that the load acting on the

ith grid point will be the resultant of the distributed load working on the equivalent nodal area, say Areai, belonging to

it. This area vector can be evaluated easily by using a static deterministic unit pressure load (De Rosa et al., 1994;

Hambric et al., 2004).

Accordingly, one gets the generic ijth member of the NG � NG matrix:

SC
ðGÞ
FFi;j
¼

Z xiþDx=2

xi�Dx=2

Z xjþDx=2

xj�Dx=2

Z yiþDy=2

yi�Dy=2

Z yjþDy=2

yj�Dy=2
X ppðxi; xj ; yi; yj ;oÞdyj dyi dxj dxi. (21)

To both the points P(xi,yi) and Q(xj,yj) is assigned an area DxDy and the double space integration refers to these finite

domains.

A further approximation could also be introduced considering that the wall pressure distribution due to the TBL in

the low frequency ranges does not fluctuate very quickly. In this case the last integral could be approximated as follows:

SL
ðGÞ
FFi;j
¼ X ppðxi; xj ; yi; yj ;oÞ DxDy½ �2. (22)

Obviously, the approximations represented by Eqs. (20)–(22) are associated with decreasing computational costs. A

summary of the approximations introduced are recalled and named in Table 1. Any of the three proposed

approximations for assembling the load distribution, will always be represented by Hermitian operators, that is

generically ðgÞi;j ¼ ðgÞ
�
j;i. The C1 and C2 approximations have been tested but never used in the final calculations: the

CPU time associated with their use was unacceptably high.

The second problem is associated to the wavelength discretisation. In fact, for the present model and assumptions,

there are two characteristic wavelengths: one for the flexural waves travelling into the plate,

lB oð Þ ¼ 2p
Eh2

12ro2 1� n2ð Þ

� �1=4

, (23)

and one associated to the flow speed,

lE oð Þ ¼
2p
kc

. (24)

The aerodynamic critical frequency is defined when the two wavelengths are equal, lB ¼ lE; this holds at

f c ¼
U2

c

ph

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3r 1� n2ð Þ

E

r
. (25)

This also means that a correct dynamic finite element model in any case cannot be used for f4fC: for above

coincidence frequency, the aerodynamic load is not correctly discretised by the F.E. mesh, therefore Eqs. (20)–(22) in

any case gives a inconsistent result, Fig. 2. In the next paragraph these points will be better examined.

The discrete mean response of the structural operator could be defined as the average of the auto-spectra over all the

available NG coordinates, Eq. (12). It has to be remembered that the central matrix of the product in Eq. (18), here

named as T(o), SW oð Þ ¼ UT oð ÞUT, is Hermitian, too.

The generic member is Tj;k ¼ HjSFj;k
H�k, and for the properties of the complex conjugate operator Tk;j ¼

HkSFk;j H
�
j ¼ HkS�Fj;k;

H�j ¼ T�j;k also holds.
Table 1

List of approximations

Name Approximations for SFF Type/geometric reference Equation

C1 SC
ðEÞ
FF

Consistent/element Eq. (20)

C2 SC
ðGÞ
FF

Consistent/grid point Eq. (21)

LU SL
ðGÞ
FF

Lumped/grid point Eq. (22)
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It should be noted also that

U ¼

Fð1Þ1 Fð2Þ1 � � � FðNMÞ
1

Fð1Þ2 Fð2Þ2 � � � FðNMÞ
2

..

.
. . . . .

. ..
.

Fð1ÞNG Fð2ÞNG � � � FðNMÞ
NG

2
6666664

3
7777775
¼ ~U

ð1Þ ~U
ð2Þ

. . . ~U
ðNMÞ

h i
, (26)

is always real by definition (the structural operator has been assembled by using a linear undamped model) and the

eigenvectors represent an orthogonal base: ~U
ðjÞ
� ~U
ðkÞ
¼ 0 with jak.

Accordingly, the displacement auto-spectrum of the ith coordinate is given by

SW oð Þi;i ¼
XNM

j¼1

FðjÞi

h i2
Tj;j þ

XNM

k¼1

XNM

j¼1;jak

FðjÞi FðkÞi T j;k ¼
XNM

j¼1

FðjÞi

h i2
Tj;j þ 2

XNM

k¼1

XNM

j¼kþ1

FðjÞi FðkÞi ReðTj;kÞ. (27)

This is a real quantity, as expected. By using the discrete mean, defined in Eq. (12) and imposing the orthogonality of

the mode shapes in discrete coordinates, one gets

S̄W oð Þ ¼
1

NG

XNG

i¼1

XNM

j¼1

FðjÞi

� 2
Tj;j

" #
¼

1

NG

XNM

j¼1

~F
ðjÞ

��� ���2 Hj

�� ��2SFj;j

" #
. (28)

The modal cross-terms do not give any contribution to the average quantities, as expected.

It has to be underlined that the average operation defined by Eq. (12) is not a unique possible choice. In discrete

coordinates, it is possible to define an area discrete mean response:

S̄W oð Þ ¼
1

Area

XNG

i¼1

SW ðoÞ½ �iAreai. (29)

In the case of a uniform mesh (all finite elements have the same geometry and dimensions) on a simply supported

plate, and Eqs. (12) and (29) will furnish the same results. The same considerations hold for the continuous mean.
4. Scaled solutions: asymptotic scaled modal analysis

The scaling procedure is based on a simple consideration: the quadratic response depends on the number of modes

resonating in a given frequency band, O, and on the damping. By modifying a given original modal base and

accordingly the original damping, a scaled model has to be able to reproduce the quadratic response in the frequency

range where enough modes are resonating. From the frequency range where mb1, any quadratic response will be a
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good estimator of the global response, and this can be obtained by using a low computational cost model since the

scaling procedure allows using reduced spatial domains.

For the sake of completeness, the fundamental topics of the scaling procedure are briefly recalled (De Rosa et al.,

1997; Franco et al., 1997).

All the linear dimensions, not involved in the structural energy transmission, have to be multiplied by a selected

scaling coefficient, say s (with so1). In the present problem, each side of the plate was scaled: ā ¼ sa; b̄ ¼ sb.

Accordingly, the damping of the scaled model should be evaluated as

Z̄ðoÞ ¼
ZðoÞ
s2

. (30)

All the mode shapes and natural frequencies will move to higher frequencies, for so1; for obtaining the same energy

content, the original damping has to be accordingly augmented. This simple transformation generates a scaled system in

which the energy representation (mean response) will be the same as the original system.

Preliminary analyses were also performed on a simplified equivalent problem (De Rosa et al., 2003c): a beam under a

TBL excitation.

Recently, some new literature allowed framing the proposed approach from a theoretical point of view (Mace and

Shorter, 2000; Mace, 2003) and further some applications are already available for simple and coupled plates (De Rosa

et al., 2005).

The scaling procedure, now named ASMA (Asymptotic Scaled Modal Analysis) was also successfully verified with

experimental measurements (Martini et al., 2004) and some insights can also be gained by using the statistical energy

analysis, SEA, the more diffused technique for vibration and noise prediction at high values of modal overlap factors m
(Lyon, 1976).

The procedure can firstly be explained by using the principles of the SEA. Some details are given herein. For a generic

plate, excited by a given input power PIN, the mean square velocity can be obtained as follows:

v2SEA;I oð Þ ¼
2PIN

raI bI hZIo
. (31)

For the sake of simplicity, a frequency-independent value of structural damping, Z, has been supposed. The mean

square velocity, v2SEA;I oð Þ; is an average value taken over the spatial positions of the response and the excitation.

A second flexural plate is now considered: it has different side lengths and damping; all the remaining parameters are

left unaltered:

v2SEA;II oð Þ ¼
2PIN

raII bII hZIIo
. (32)

The plate material and the thickness are not changed, i.e. the flexural wave speed is not changed either. It is simple to

check that if aII ¼ saI and bII ¼ sbI, then

ZII ¼
ZI
s2

v̂2II oð Þ ¼ v̂2I oð Þ, (33)

as anticipated.

The plate of reduced area (so1) will reproduce the same energy content by using an artificial damping obtained by

accordingly increasing the original one. The application of the Energy Distribution Approach is more rigorous for

explaining the ASMA and can be found in De Rosa et al. (2005).

It is simple to obtain that the modal overlap factors for the two flexural plates, original and scaled are equal:

mI oð Þ ¼ mII oð Þ. (34)

In fact,

aS ¼ sa; bS ¼ sb; ZS ¼ s�2ZmS oð Þ ¼ oZS oð ÞnS oð Þ ¼ m oð Þ,

n oð Þ ¼
1

2ph

ffiffiffi
3
p

abð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

r 1� n2ð Þ

r ; nS oð Þ ¼
1

2ph

ffiffiffi
3
p

aSbSð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

r 1� n2ð Þ

r ¼ s2n oð Þ. ð35Þ

The (modal) deterministic simulation of the second plate will cost less than the first one: in fact, the flexural

wavelength remains the same, but the domain is reduced; the spatial sampling, that is the number of needed solution

points, will be reduced.
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Any modal formulation could be applied on a reduced spatial domain, keeping unchanged the parameters involved in

the energy transmission. It has to be well highlighted that the scaled models will be able to represent only the energy

content, while the local information is completely lost.

The number of necessary modes for reaching the required convergence could also be kept or scaled too. It is simple to

check that if NM are the modes needed for the original response in an assigned frequency band, the needed minimum

number for the scaled modal base is NMS ¼ NM s2.
The scaling coefficient, s, belongs to the range [0,1]: it is worth noting that for s ¼ 1 the scaled system equals the

original. From a physical point of view, the lowest value to be assigned to s should preserve the energy content of the

original system.

A useful criterion has also been tested. It has been based on the ratio between the first natural frequencies of the

system, damped and undamped (Skudrzyk, 1968). For the original and scaled system, the ratios are the following:

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2

Z
2

� 2r
; kS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2

Z
2s2

� 2r
. (36)

At this point an error function can be simply defined by accordingly comparing the last two expressions: E ¼ 1�(kS/k).
This error function depends on the original damping, as expected. For decreasing values of s, the error function increases

monotonically up to values that lead to unacceptable scaled representations.

It is useful to fix the error around 1%: the criterion allows using for a damping value of Z ¼ 0.02, sminE0.30; for an

error of 5%, sminE0.20. By using values lower than this means that the scaled solution will spread the same energy

content over too wide a frequency range.

Nevertheless, any possible criterion for defining the minimum value of the scaling factor should be physically related

to the fact that the scaled structural damping cannot be too high. In fact, in that case the coupling between the models

should be accounted and any uncoupled formulation, as Eq. (7), should not be pursued (Hasselman, 1976, 1977; Flax,

1977).
5. The test case and annotated results

Within the activities of the cited project ENABLE, a test case was defined among all its partners aimed to achieve an

exact solution and methodological results. Here a summary is reported.

The wall pressure fluctuations were given by a Corcos model, Eq. (3), with the following set of parameters:

ax ¼ 0:116; ay ¼ 0:700; Uc ¼ bcU1 ¼ 0:8; U1 ¼ 92m=s. A nondimensional metric for the response of the plate was

defined through the quantity R:

R oð Þ ¼
o4ðrhÞ2Sw

Sp

. (37)

The plate is simply supported on all four edges (implying separable sinusoidal mode shapes) and is mounted in an

infinite rigid plane baffle, flush with the TBL. The particular plate is defined by the following choice of parameters:

a ¼ 0.768m, b ¼ 0.328m, h ¼ 0.0016m, E ¼ 7� 1010 Pa, n ¼ 0.33, r ¼ 2700 kg m�3. The structural damping (loss

factor) of the plate, Z, is assumed constant: Z ¼ 0.02.

For the specific values of the test, the previously defined critical frequency is fC ¼ 537Hz.

The analytical and numerical structural responses have to be produced in different formats: the discrete mean over

the four positions (Table 2) and the continuous mean.

5.1. Comparison of the analytical and scaled expansion responses

The first step was the generation of the analytical solution and to compare the different responses.

Fig. 3(a) just reports the analytical response for the selected test case by using the average response over the four

positions of Table 2 and the mean response. The loss of the local characteristics for increasing excitation frequency is

evident, that is for increasing values of the modal overlap factor. This last becomes unity at f ¼ 940Hz. For the sake of

completeness, the unresolved spectral responses are reported in Fig. 3(b). They refer to each position of Table 2 and the

continuous mean: the frequency range was restricted to 0–2 kHz to increase the readability of the figure. It has to be

noted that the value on the left axis refers to a unit TBL spectrum, in view of subsequent normalisation as R, Eq. (37).

This result demonstrates that for m41 the quantity to be investigated can be a generic quadratic mean response

rather than a specific kinematic response, as expected.
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Fig. 3. (a) Metric R for the analytical responses of the plate: J, continuous mean;’, discrete mean. (b) Unresolved spectral responses,

frequency step ¼ 1Hz.

Table 2

The four positions for the plate response

x (m) y (m)

1 0.10 0.20

2 0.30 0.10

3 0.40 0.15

4 0.60 0.25
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It is also evident that the computational cost is much lower when working with the mean response. In the present

results, Eqs. (10) and (12) were used in comparison with Eq. (11).

The solution has been generated by using 555 modes: the last resonating mode is at 18 kHz; this has been done for the

sake of convergence in the response range 100–5000Hz (in one-third octave bands).
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The first interesting comparison has been obtained by applying the scaling procedure to the analytical solution as

shown in Fig. 4: there, the discrete mean is reported and compared with analytical one. The analytical curve has been

built by using 250 modes: they resonate in a frequency band 0–6 kHz, and the analysis was performed in the 0–2 kHz;

the scaled one has been obtained with s ¼ 0.5 and by using only 60 modes. Fig. 4 shows that the scaled response is not

able to reproduce the exact response when the modal overlap factor is still lower than unit value; it is expected to

represent an acceptable approximation to the mean response, when this global estimator will be able to describe the

plate response.

In Fig. 5 a comparison is just presented among the exact response, in terms of a continuous mean, and the scaled ones

obtained by using the same analytical expansion but with the scaled plate (reduced side dimensions and increased

damping). The scaled responses are reported in terms of the scaling coefficients. A better reading of Fig. 5 is achieved

with the data of Table 3 where the percentage of the retained modes is specified, and further with the summary reported

in Fig. 6 where a dB absolute error is plotted. This last is defined as follows:

Errorðo; sÞ ¼ 10 log10
scaled response

original response

� �����
����. (38)

For the sake of precision, it has to be clarified that Fig. 6 shows the results averaged in a frequency band of 500Hz,

and the responses are generated from 2000Hz, since the first natural frequency of the scaled plate with s ¼ 0.15

resonates at 1930Hz.

All scaled models allow using only a small part of the original modes, even if this solution is associated to different

errors. The criterion discussed in the fourth paragraph can be deduced from the content of the Fig. 6; in fact, a

decreasing scaling coefficient is always associated with a reduction of the modal base, but the quality of the prediction

begins to decrease too, since the modes are shifted to higher and higher frequencies, so that the value of s ¼ 0.3 can be

considered an acceptable estimate of the inferior limit.

The model working with s ¼ 0.35 allows predicting the response within 0–2 dB error range in 2–10 kHz, by using

only a limited fraction (16%) of the original eigensolutions.

This result in not surprising at all, since the response became global: only the proper modal density and the adequate

modal overlap factor become the controlling parameters according to energy methods.
5.2. Comparison of the exact and numerical responses

At this point the finite element method was introduced in order to generalise the possible application of the

techniques. The finite element solution uses a modal base generated by MSC/NASTRAN with a 4343 Grid Points

model (101� 43 mesh). The modal base was given as input to a FORTRAN code written for solving Eq. (28).

Fig. 7 reports a comparison of the analytical solution and the standard finite element solution. As expected, even if

the mesh was built for simulating the structural wavelength up to 18 kHz, the solution is lost above the coincidence

frequency.

Two items are confluent here. The first is that with the selected mesh the aerodynamic scales could be solved only up

to 3 kHz; this can simply be checked by using the analysis of the aerodynamic wavelength, Fig. 2. The second is that the

selected approximation, Eq. (22), further reduces the frequency range of validity of the proposed approach up to the

critical aerodynamic frequency, as presented in Fig. 2. This specific problem could be solved by adopting two different

meshing levels: one mesh for the structural domain and another for the aerodynamic field, as in a standard aeroelastic

problem. This kind of approach is very expensive in terms of computational time because it involves an interpolation

matrix between the structural domain and the aerodynamic one.

The same considerations of Fig. 4 can be made for Fig. 8, where now the scaled finite element response is presented.

Again, the scaled finite element response is not able to reproduce the exact local response, but it is expected to represent an

acceptable approximation to the mean response. A summary of the characteristics of the finite element models are in Table 4.

Some comments are needed for the analysis of the good results of Figs. 7 and 8.

The scaled procedure decreases by a factor s the minimum flexural wavelength that can be predicted with the FEM.

Above the coincidence region, the standard FEM diverges due to its inability to resolve the length scales of the order of

the TBL correlation length, while the scaled FEM remains accurate since the minimum scaled flexural wavelength is still

smaller than the lowest TBL correlation length (in the span-wise direction) at the limit of the upper frequency of

interest, i.e. at 2 kHz. A criterion for the upper bound of the scaling procedure can be found just in this comparison

between the predicted minimum flexural wavelength and the correlation lengths associated with the TBL. Roughly, for

a generic deterministic excitation, the scaling model should work up to 1/s times the original one, by keeping the

original degrees of freedom.
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Table 3

Percentage of the modes used in the scaled expansion

s % Modes

1.0 100 1392

0.45 24 334

0.35 16 223

0.25 7 97

0.15 3 42
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Fig. 4. Analytical and scaled analytical plate responses (discrete mean): –––, analytical; &, scaled analytical.
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s ¼ 0.35; —, scaled s ¼ 0.25; —, scaled s ¼ 0.15. For interpretation of the references to the colour, the reader is referred to the web

version of this article.
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Figs. 9 and 10 are the final results. They report the exact responses compared with those coming from the scaled finite

element model in third octave frequency bands. Fig. 9 shows the discrete mean response (average responses over four

positions) up to the 2 kHz centre frequency, by using 250 modes.
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Fig. 10 reports the continuous mean responses up to the 5 kHz centre frequency, by using 555 original modes and 44

scaled modes. For generating both the graphs, 20 samples for frequency band have been used. For the sake of

completeness in Fig. 10 a predictive SEA curve has been added; it has been obtained with the standard SEA commercial

code (AutoSEA2).

The scaling procedure keeps all the benefits of the standard FEM in solving complex materials, geometries and

configurations.

Finally, a note on the time figures is necessary, since assuming a unit value (1 s) for the CPU time needed for getting

the standard FEM mean response, the scaled FEM needs only 0.013 s: the scaling procedure is able to decrease the CPU

time by two orders of magnitude. The CPU times for the local responses, that is for the discrete means, are not reported

since for the scaled models they are meaningless. The CPU times for the Standard FEM have been used for comparison

purposes even though, as extensively discussed, it is intrinsic inapplicable for above coincidence excitation frequencies.

Fig. 10 demonstrates that the scaled procedure is able to produce correct results with an acceptable computational

cost in the above coincidence range and for values of the modal overlap factor greater than unity.
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Table 4

Summary of the finite element models

Standard FEM Scaled FEM

Number of grid points 4343 (101� 43) 1122 (51� 22)

Number of modes 188 44

Scaling coefficient 1.0 0.5

Used approximation LU (Table 1 and Eq. (22)) LU (Table 1 and Eq. (22))
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Fig. 9. Metric R (discrete mean) for the responses versus frequency (1
3
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The analysis of the more adequate TBL source model is not among the points addressed in the present work, but it

has to be underlined that the discussed scaled procedure is able to work also with any model including the nonseparable

variable ones.
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The effect of updating of the TBL source model and the analysis of the radiated acoustic power was already reported

in De Rosa et al. (2003a, b) and Schröder (2004) always using the scaling procedure. The mentioned update was built by

using the modifications proposed by Singer (1996) on the standard Corcos model.

The accuracy of ASMA was tested a few times with more complicated plate-edge conditions, since ASMA works well

in the frequency range where the response is not dominated by the quality of the eigensolutions but only by their

number; the analyst is then interested in the modal density, rather than identifying each single mode (and natural

frequency). Further work is ongoing on built-up structures under both deterministic and random excitation.
6. Concluding remarks

The exact and predictive responses for a simply supported plate under a TBL excitation have been presented and

discussed. The modal expansions have been used to obtain such a response, since this method well generalises the

approach for more complicated structures and reproduces the standard finite element approach.

The choice of the Corcos model for the TBL distribution has been made only for keeping the simplicity of

representation, even if this includes all the most important parameters of the TBL and although it has been evidenced

that the modal approach could represent a solution to the predictive response even if the associated computational cost

will become unacceptable.

A scaling procedure, named ASMA (Asymptotical Scaled Modal Analysis) has been so applied in order to overcome

this problem. A computational domain has been defined by simply reducing the dimensions not involved in the energy

transmission. The associated damping has been accordingly increased, in order to keep the same energy representation.

The results are quite satisfactory.

ASMA has been successfully applied to both the exact modal expansion and a discrete coordinate solver, such as

finite element based codes, and it led to a drastically strong reduction of the CPU time needed for obtaining the same

frequency representation, overcoming at the same time the problem of the stochastic load representation in discrete

coordinates at above coincidence frequencies.
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Appendix A

The integral for the acceptances can be solved in closed form:

AQjQn
oð Þ ¼

1

ðabÞ2

Z a

0

Z a

0

Z b

0

Z b

0

exp �
xx

�� ��
Lx oð Þ

� �
exp �

xy

�� ��
Ly oð Þ

� �
exp �ikcxxð Þcj x; yð Þcn x0; y0ð Þdydy0 dxdx0.

(A.1)

According to the given model for the TBL (separable variables), the integral of the joint acceptance can be split along

the two reference directions:

AQjQn
oð Þ ¼ LQjQn

oð ÞYQj Qn
oð Þ, (A.2)

with

YQj Qn
oð Þ ¼

1

b2

Z b

0

Z b

0

sin
jypy

b

� �
sin

nypy0

b

� �
exp �

xy

�� ��
Ly oð Þ

� �
dydy0,

LQjQn
oð Þ ¼

1

a2

Z a

0

Z a

0

sin
jxpx

a

� �
sin

nxpx0

a

� �
exp �

xx

�� ��
Lx oð Þ

� �
exp �ikcxxð Þdxdx0. ðA:3Þ

Each of the previous integrals can be analysed in a general form (Elishakoff, 1983)

I jn oð Þ ¼
Z L

0

Z L

0

Oðx2 � x1;oÞWjðx1ÞWnðx2Þdx1 dx2. (A.4)

A transformation of the variables and accordingly of the integration domain leads to this other form:

K̄jn o; xð Þ ¼

Z L�x=2

x=2
Wj Z�

x
2

� �
Wn Zþ

x
2

� �
dZ; ¯̄Kjn o; xð Þ ¼

Z L�x=2

x=2
Wj Zþ

x
2

� �
Wn Z�

x
2

� �
dZ,

I jn oð Þ ¼
Z L

0

Oðx;oÞK̄ jn o; xð Þdxþ
Z L

0

Oð�x;oÞ ¯̄Kjn o; xð Þdx. ðA:5Þ

An exact solution in closed form can be found for the integrals in Eq. (A.5), thus leading to an explicit expression for

each member of the product of integrals defined in Eq. (A.2). The given model for the TBL (separable variables) also

leads to

AQjQn
oð Þ ¼ A�QnQj

oð Þ. (A.6)
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